The purpose of this paper is to propose an algorithm for solving the split equality fixed point problem of asymptotically nonexpansive mappings in the framework of infinite-dimensional real Hilbert spaces. The strong and weak convergence theorems of the iterative scheme proposed in this paper are obtained.
Introduction
Let C and Q be nonempty closed convex subsets of real Hilbert spaces H 1 and H 2 respectively. The split feasibility problem (SF P ) is formulated as finding a point x * with the property x * ∈ C and Ax * ∈ Q (1.1)
where A : H 1 → H 2 is a bounded linear operator. In 1994, Censor and Elfving [1] first introduced the SF P in finite-dimensional Hilbert spaces for modeling inverse problems which arise from phase retrievals and in medical image reconstruction [2] . It has been found that the SF P can also be used in various disciplines such as image restoration, computer tomograph and radiation therapy treatment planning [3] [4] [5] .
The SF P in an infinite dimensional real Hilbert space can be found in [2, 4, [6] [7] [8] [9] [10] .
Assuming that the SF P is consistent, it is not hard to see that x ∈ C solves SF P if and only if it solves to fixed-point equation
where P C and P Q are the (orthogonal) projection onto C and Q respectively, γ > 0 is any positive constant and A * denotes the adjoint of A. A popular algorithm to be used to solves the SF P (1.1) is due to Byrne's CQ − algorithm [2] :
where γ ∈ (0, 2/λ) with λ being the spectral radius of the operator A * A.
Very recently, Moudafi [11] introduced the following new split feasibility problem 2) reduces to (1.1). The new split feasibility problem (1.1) allows asymmetric and partial relations between the variables x and y. The interest is to cover many situations, such as decomposition methods for PDEs, applications in game theory and intensity-modulated radiation therapy.
In [11] , Moudafi introduced the following relaxed alternating CQ − algorithm to solve problem (1.2) and obtained weak convergence theorem: 
where ξ k ∈ ∂c(x k ), and
where η k ∈ ∂q(y k ).
Since each nonempty closed convex subset of a Hilbert space can be regards as a set of fixed points of a projection, in [12] , Moudafi and Eman Al-Shemas introduced the following split equality fixed point problem:
where S : H 1 → H 1 and T : H 2 → H 2 are two nonlinear operators, F (S) and F (T ) denote the fixed point sets of S and T , respectively. In the sequel, we use Γ to denote the set of solutions of split equality fixed point problem (1.4). i.e.
To solve split equality fixed point problem of firmly quasi-nonexpansive mappings, Moudafi and Eman Al-Shemas [12] proposed the following iteration algorithm: 
be two firmly quasi-nonexpansive mappings such that I −U and I −T are demiclosed at 0. Let A : H 1 → H 3 and B : H 2 → H 3 are two bounded linear operators. Assume that the solution set Γ is nonempty, {γ n } is a positive real sequence such that γ n ∈ ( , 2/(λ A + λ B ) − ) (for small enough), where λ A and λ B stand for the spectral radius of A * A and B * B respectively. Then the sequence (x n , y n ) generated by (1.5) weakly converges to a solution (x * , y * ) of (1.4).
Motivated by the work of Moudafi [11] , Moudafi and Eman Al-Shemas [12] , in this paper, we construct the following iterative algorithm to solve the split equality fixed point problem of asymptotically nonexpansive mappings and obtain strong and weak convergence theorems in real Hilbert spaces:
where S :
are two asymptotically nonexpansive mappings.
Preliminaries
We first recall some definitions, notations and conclusions which will be needed in proving our main results. Definition 2.1 Let H 1 , H 2 be two Hilbert spaces. Then
, and each n ≥ 1;
(3) T is said to be an asymptotically nonexpansive mapping with the sequence {u n } if there exists a sequence {u n } ⊂ [0, ∞) with the property lim n→∞ u n = 0 and such that
Definition 2.2
Let H be a real Hilbert space. A mapping T : H → H is said to be demicompact, if for any bounded sequence {x n } ⊂ H with lim n→+∞ x n −T x n = 0, there exists a subsequence {x nj } ⊂ {x n } such that {x nj } converges strongly to a point x * ∈ H.
Lemma 2.3([13])
Let {a n } and {u n } be two sequences of positive real numbers satisfying a n+1 ≤ (1 + u n )a n for all n ∈ N. If ∞ n=1 u n < ∞, then lim n→∞ a n exists.
Lemma 2.4([14])
Let H be a real Hilbert space, K be a nonempty closed convex subset of H and T : K → K be an asymptotically nonexpansive mapping. Then I − T is semi-closed at zero, i.e., for each sequence {x n } in K, if {x n } converges weakly to q ∈ K and {(I − T )x n } converges strongly to 0, then (I − T )q = 0.
Lemma 2.5([15])
Let H be a real Hilbert space, then for all x, y ∈ H, we have
Lemma 2.6
Let H be a Hilbert space and {ω n } be a sequence in H such that there exists a nonempty set W ⊂ H satisfying:
(1) For every ω ∈ W , lim n→∞ ω n − ω exists; (2) any weak-cluster point of the sequence {ω n } belongs to W .
Then, there exists ω in W such that {ω n } weakly converges to ω. 4) is nonempty, {γ n } is a positive real sequence such that γ n ∈ (ε, 2/ ( λ A + λ B ) − ε) (for ε small enough), where λ A , λ B stand for the spectral radius of A * A and B * B respectively. Then, the sequence (x n , y n ) generated by the iteration algorithm (1.6) weakly converges to a solution(x * , y * ) ∈ Γ of (1.4). Moreover, (Ax n − By n ) strongly converges to 0 and both {x n } and {y n } are asymptotically regular.
Main Results
Proof. Setting ω n = max(k n , l n ), n = 1, 2...n. Since ∞ n=1 k n < +∞, ∞ n=1 l n < +∞, we have ∞ n=1 ω n < +∞. Now taking (p, q) ∈ Γ, it follows from (1.5) that
where
So, it follows from (3.1) and (3.2) that
Similarly, we also have
By adding the two last inequalities (3.3) and (3.4), and by taking into account the fact that Ap = Bq, we can obtain
Now, by setting Γ n (p, q) := x n − p 2 + y n − q 2 , it follows from (3.5) that
follows from Lemma 2.3 that lim n→∞ Γ n exists.
Since the set of fixed points of a asymptotically nonexpansive mapping is a closed convex set, and Γ = {(x, y) : x ∈ F (S), y ∈ F (T ), Ax = By}, it is obvious that Γ is a closed convex set. That is that Lemma 2.6(1) is satisfied with ω n = (x n , y n ), ω = (p, q) and W = Γ.
From (3.6), we have
Hence, lim n→∞ Ax n − By n = 0.
We now prove that {x n } and {y n } are asymptotically regular.
, and lim n→∞ Γ n (p, q) exists, we know that {x n } and {y n } are bounded, and lim sup n→∞ x n − p and limsup n→∞ y n − q exist. Let x * and y * be respectively weak cluster points of the sequences {x n } and {y n }, From Lemma 2.5, we have
This implies that lim n→∞ x n+1 − x n = 0. Namely, {x n } is asymptotically regular. Similarly {y n } is asymptotically regular too.
Due to
in view of lim n→∞ x n+1 − x n = 0, lim n→∞ y n+1 − y n = 0 and lim n→∞ Ax n − By n = 0, we have lim
similarly lim
Moreover, we prove that lim n→∞ Sx n − x n = 0. Since asymptotically nonexpansive mapping is L−Lipschitzian, so
so from (3.7) and lim n→∞ x n+1 − x n = 0, we have lim n→∞ Sx n − x n = 0. In addition, since {x n } converges weakly to x * , then it follows from Lemma 2.4 that
Similarly, we also know that y * ∈ F (T ). be two bounded linear operators. Assume that the solution set Γ is nonempty, {γ n } is a positive real sequence such that γ n ∈ (ε, 2/ ( λ A +λ B )−ε) (for ε small enough), where λ A , λ B stand for the spectral radius of A * A and B * B respectively. If S and T are demicompact, then, the sequence (x n , y n ) generated by the iteration algorithm of (1.6) strongly converges to a solution(x * , y * ) of (1.4).
Proof. Since S and T are demicompact, {x n },{y n } are bounded and lim n→∞ (I− S)x n = 0, lim n→∞ (I − T )y n = 0, then there exist subsequences {x n j } of {x n } and {y n j } of {y n } such that {x n j } and {y n j } converge strongly to x * and y * , respectively. It follows from Lemma 2.4 that x * ∈ F (S) and y * ∈ F (T ). Remark 3. 4 In this paper, we modify the iteration method proposed in [12] for asymptotically nonexpansive mappings. The results obtained in this paper extend the results in [12] from firmly quasi-nonexpansive mappings to more general asymptotically nonexpansive mappings.
